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ABSTRACT: For chains of the type A-B-A-B-...—A, with n bonds of length | between A and B and n bond
dipole moment vectors of length m pointing from A to B, there is a didymous chain, which is defined such
that C’ = D and D’ = C, where C = (r?)¢/ni?> and D = (u?);/nm? for the real chain and primes denote these
ratios for the didymous chain. Thus the behavior of the mean-square dipole moment, (u®),, for the real chain
can be deduced from the behavior of the mean-square end-to-end distance, (r?),, for the didymous chain.
An understanding of the relationship between the real chain and its didymous partner therefore sheds insight
into the relationship between C and D for the real chain. The didymous chain is described here for bonds
subject to independent symmetric rotational potentials and for bonds subject to interdependent symmetric
3-fold rotation potentials. In the former case, it is sufficient to simply replace each bond angle by its supplement.
In the latter case, one must also make the assignments ¥’ = w and " = ¢, where ¢ and w are the statistical
weights for the second-order interactions in g*g* and g*g™ states, respectively, in the real chain.
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Introduction

A chain in which the atoms alternate between A and B,
with a dipole moment vector of nonzero length colinear
with each bond and pointing from A to B, is one of the
simplest macromolecules with a permanent dipole mo-
ment. A fragment of this chain is depicted in Figure 1.
Its unperturbed mean-square end-to-end distance and
unperturbed mean-square dipole moment, denoted by (r?),
and (u?),, respectively, are conveniently expressed by two
dimensionless characteristic ratios defined as

C = (r¥),/nl? (1)
D = (u?)o/nm? (2

where n is the number of bonds, ! is the length of the bond
vector, and m is the length of the bond dipole moment
vector. Vectors of length [ are connected head-to-tail, but
vectors of length m are connected head-to-head and tail-
to-tail, as shown in Figure 1. In the special case where the
bonds are freely jointed, C = D = 1. In general, however,
these two characteristic ratios have different values. In
many models for real chains, C > 1 > D.

Added insight into the influence of the local structure
on D can be obtained by investigation of a molecule that
we call the didymous chain. In this work, primes will be
appended to the properties of the didymous chain. The
word “didymous” carries the connotation of “twin” in bi-
ology. We prefer the uncommon word “didymous” to the
more common word “twin” because the relationships be-
tween the real chain and its didymous partner are

C’'=D (3)
'=C (4

It is not their values of C, and their values of D, that are
identical. Rather it is C’that behaves as D and D’ that
behaves as C. Definition of the relationship between a real
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chain and its didymous partner therefore provides addi-
tional insight into the relationship between C and D for
the real chain. The relationship is trivial if the chain is
freely jointed, because then C = D = C’= D’ =1, and the
real chain is identical with the didymous chain. For more
realistic models, however, the real chain is not identical
with the didymous chain. The treatment here will first
consider chains with bonds subject to independent sym-
metric rotation potentials and then chains with bonds
subject to interdependent symmetric 3-fold rotational
potentials.

Independent Symmetric Rotation Potential

When the internal bonds are subject to identical inde-
pendent rotation potentials, the generator matrix for-
malism for C and D for poly(A~B) terminated with A at
each end takes the blocked form!

C=nl?x
1 anTy  E)[1 a%Ty  E)er
1 0{|0 (Tw 1{o (Tp 1 [1] ()
0 0 1]lo o 1
D=n'm?x

1 2m,™(Ty) mf|[1 2mgT(Tg) m?|)™2 5
[1 0]¢j0 (T, m, [|0 (Tg) mg [1:' (6)
0 0 1 Jlo o 1

where 0 denotes a rectangular null block such that the
initial row and last column contain five elements and the
square matrices are of dimensions 5 X 5. The transpose
of each bond length vector is IT = [I 0 0]. Subscripts
are appended to each bond dipole moment vector, m, and
each averaged transformation matrix, (T). The bond
dipole moment vectors are mpy* = [m 0 0] and mp =
~m,. The two averaged transformation matrices will differ
if 8spa # Opag, Where 6 denotes the supplement of the bond
angle specified by the subscript.
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Figure 1. Segment of a chain in which the atoms of type A
alternate with atoms of type B, followed by the representations
of the same segment using bond vectors, 1,, that are connected
head-to-tail and bond dipole moment vectors, m;, that are con-
nected head-to-head and tail-to-tail.

For independent, symmetric rotation potentials, the
form of the average transformation matrix is

ay Ba 0
{Ta) = | -Ban aan 0 (7)
0 0 n

where a, and 8, denote, respectively, cos 8,5, and sin 0,p,
and 7 is (cos ¢). The dihedral angle, ¢, is zero for a cis
placement and increases upon a clockwise rotation. Sub-
stitution of ag and S8, which are cos s and sin fgap, gives
{Tg). The same 7 is used in both matrices because in-
dependent rotation about the central bond in B-A-B-A
is identical with rotation about the central bond in A-B-
A-B. The symmetry of the rotation potential causes (sin
¢) to be zero.

Upon use of unit length for 1, m,, and mg, the product
of the two square matrices in eq 5 is

(GAGg). =

1 2(apop + o - 20apfp+ B8+ 0 201+ a,)
Babsn) apfan)

0 apap - Bafpn apfptepan 0 1+a,

0 —(agBa + asBem)n  (arapn - BaB)n 0 —Ban (8)

0 0 0 7 0

0 0 1] 0 1

and the product of the two square matrices in eq 6 is

(GAGB)D =
1 2(epap - ap- 2apBp-Ba+ 0 2(1-an)
BaBrn) apBam)
0 aaap = Baben apfptopBan 0 1l-ay
0 —(apBs + asBam)n  (apopn — BaBp)n 0  Ban ©)
0 0 0 7” 0
0 0 0 0 1

The terminal row and column vectors in eq 5 and 6 extract
the last element in the first row of the n/2 power of the
matrices in eq 8 and 9, respectively. This element is 2(1
+ a4) in eq 8 and 2(1 - «,) in eq 9, and therefore C is
different from D at n = 2 if g, is different from w/2. The
differences in four other elements in eq 7 and 8, specifically
the second and third elements in the first row and the
second and third elements in the last column, ensure that
C will remain different from D at larger n as well, barring
a fortuitous compensation. The third elements in the last
columns of eq 8 and 9 differ only in sign, but the 1,2
elements, 1,3 elements, and 2,5 elements differ in absolute
value.

The Didymous Chain. We now consider the matrices
that are the counterparts of eq 8 and 9 for the didymous
chain. In the present case, the didymous chain is generated
from the real chain by simply replacing each bond angle
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by its supplement. These substitutions only require a,’
= —a, and ap’ = —ap, where the prime denotes the values
for the didymous chain. Consequently (G,Gg) and
(G,oGg)p can be written in terms of the properties of the
real chain as

(GABB)C' =
1 2(C¥AC(B —ap — —2(aAﬂB - ﬁB + 0 2(1 - (XA)
BaBam apBam
0 asop - BaBen —apfp-apfan 0 l-ay
0 (apBa + aaBpm)n  (cacmn— BaBe)n 0 —Ban (10
0 0 0 7 0
LO 0 0 0 1 ]
(GsGp)p =
1 2(apop + ap - 2B+ B+ 0 201+ ay)
BaBen) apBan)
0 asop - Balpn —aafp—apfan 0 1+ ay
0 (agBa + aaBem)n  (caomn —BaBe)n 0 Ban (11)
0 0 0 7” 0
0 0 0 0 1
— -

Element by element comparison of the matrices in eq 8
and 11 shows that corresponding elements are always of
the same absolute value, but four elements differ in sign.
Using “+” to denote nonzero elements that are identical,
“~” to denote elements that differ in sign, and “0” to denote
null elements, the pattern is

(12)

cooo 4
cCo |t 4+ 4
ofoo0c0
+o 1 ++

oo+ 1

The identity of the 1,5 elements ensures that C is equal
to D’when n is 2. The pattern of the +, -, and 0 in eq 12
does not change if this matrix is squared, and consequently
C is also equal to D’at n > 2. A similar comparison of the
elements in eq 9 and 10 shows that D is equal to C".
The Freely Rotating Chain with Identical Bond
Angles. In the special case of the freely rotating chain
with 6,ps = fgap, the well-known expression for C is??

C=Q1+a)/(1-a)-Q2a/n)(l-a"/(1-a)? (13)

where the subscripts on a have been dropped because o,
= ap. The definition of the didymous chain presented
above immediately permits the writing of an expression
for D. Since D = C’and C’is obtained with o’ = —«a, we
find, for chains with an even number of bonds

D=({0-a)/(1+a)+ (2a/n)(1-a™(1+ a)? (14)

As n becomes infinite, the asymptotic limits are related
as

C.=1/D. (15)

It is C., that will be larger than one if the bond angle is
greater than =/2.

The nature of the final approach to the limit determines
the values of d In C/d(1/n) and 4 In D/d(1/n), both
evaluated as n goes to infinity. From eq 13 and 14, we
obtain

[0ln C/8(1/n)pne = -[0In D/3(1/0)]pme =
~2a/(1 + a)(1 - a) (16)

The two derivatives are identical in absolute value but
opposite in sign. The former derivative is negative if the
bond angle is greater than = /2.

Identical Bond Angles, Independent Symmetric
Rotations. Another simple case is the chain in which 8,5,
= fpap, and each bond is subject to the same independent,
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Table I
Calculations for Poly(A-B) with Interdependent Symmetric 3-Fold Rotation Potentials®
supplements,
statistical wt deg limiting values as n — «
‘pA \!/B wa wp OABA OBAB C D 6C/0(1/n) c')D/a(l/n)
0.2 0.6 0.1 0.3 60 75 7.507 1.115 -37.24 -1.24
0.2 0.6 0.1 0.3 120 105 1.192 6.743 -1.56 -28.04
0.1 0.3 0.2 0.6 120 105 1.115 7.507 -1.24 -37.24

?¢ = 0.5, and dihedral angles for gauche placements are 110° from those for trans placements.

symmetric rotation potential. The well-known expression
for the asymptotic limit for C is*

C.=[1+a)/1-)][Q1-n/Q+n] @17)

From the properties of the didymous chain, we can im-
mediately write

D.=[1-a)/0A+a][QA-n/Q+n] (18)

The product of these two dimensionless ratios is com-
pletely independent of «. It is determined solely by (cos
¢).

C.D.=[(1-7)/(1+ )2 (19)

Unfortunately, this simple relationship between C,D. and
n is lost if g4 # Opag, if the independent rotations are
not symmetric, or if the rotations are interdependent.

Changes in temperature might have a negligible effect
on the bond angles, but nevertheless they produce changes
in C and D due to an increase in the accessible regions of
¢ at higher temperature. The changes in the distribution
of accessible dihedral angles can produce a change in 7.
If the only effect of a change in temperature is on 7, then
from eq 17 and 18

dnC,/dT =4 In D./dT (20)

For long chains, the temperature coefficients for C., and
D, are identical. On the other hand, if temperature were
to change « and n were temperature independent, then the
temperature coefficients would be identical in absolute
value but opposite in sign.

The chain length dependence of D can be extracted in
a manner similar to that employed for C.57 The expression
for C can be written as

C=C-X,+X, (21)
where C., is given by eq 17 and
Xi= @2N/n)an + ML - AL - 020 - )T (22)
Az = {a(l—n) £ [ -n) + 49]V3/2  (23)
From the didymous chain, we find

D=D.+ X[(L+ X )/(1-X))2-
Xo[(1 + ) /(1= N))% (24)

Chains with Interdependent Symmetric 3-Fold
Rotation Potentials

Very few real chains can be successfully treated in the
approximation that their bonds are independent. How-
ever, several chains have been treated in good approxi-
mation by using interdependent symmetric 3-fold rotation
potentials. Poly(oxymethylene) serves as an example.??
For such chains, there is a slightly more complicated re-
lationship between the real and didymous chain than is
the case when the bonds are subject to independent sym-
metric rotational potentials. That relationship is described
here in the approximation that I; = x(/;/m;)m; i.e., the
angle between 1, and m; is either 0 or w. Acceptance of this
approximation ensures that ¢; describes rotation about an

axis that is colinear with both I, and m;. In view of the

increase in the sizes of the matrices when rotations are

interdependent, the development will be based on the

analysis of the results from numerical computations.
The statistical weight matrices, U, are!

1 [ a

UA = 1 UWA cwy (25)
1 gwy a¥a
1 o I

UB = 1 oyg owg (26)
1 owg oyp

No subscript is required for o because the first-order in-
teractions in A-B-A-B are identical with those in B-A-
B-A. The second-order interactions are those found in the
fragment A-B-A-B-A (for U,) and B-A-B-A-B (for Up)
and are therefore distinguished by subscripts.

The procedure for the conversion from the real to the
didymous chain is documented by the resuits of calcula-
tions that are summarized in Table I. The first two lines
present the conformational properties for two chains that
differ only in the replacement of each # by its supplement.
This simple change was sufficient for generation of the
didymous chain when the rotations were independent, as
shown in the preceding section. The numerical entries in
the first two lines of Table I show that this procedure is
inadequate when the rotations become interdependent.
Since the interdependence of the rotations is accomplished
by assigning values different from unity for the second-
order statistical weights denoted by ¥4, Y5, wa, and wg, it
is clear that these statistical weights must differ in the real
and didymous chain. What is required is the interchange
of Yy, and w, and of yg and wg, in addition to the re-
placement of each 8 by its supplement, as shown by com-
parison of the first and last lines of Table I. Generator
matrix calculations of the higher even moments! and mixed
moments,’® (r*)o/(r)¢%, (u*)o/ (u2)o? and (r2u?)o/(r?)o-
(u?)o, as functions of n, show that in every case the
property calculated for r (or u) for the real chain is identical
with the properties calculated for um (or r’) for the didy-
mous chain. From this information we conclude that the
distribution function for u can be inferred from the dis-
tribution function for ',

The physical basis for the interchange of Y, and w,, and
¥p and wg, in the didymous chain is presented in Table
II.  This table contains the three components of the
end-to-end vectors and dipole moment vectors for the g*g*
and g*g” conformations of a chain of four bonds. The
bond-angle supplements and angular separation of the
gauche and trans states have the values found in poly-
(oxymethylene).® The first four lines present the compo-
nents of r, u, r’, and u’ in the g*g* conformation. No two
vectors are alike. The last four lines present the compo-
nents of r, u, ¥, and ' in the g*g~ conformation. It can
be seen that reflection through the X-Z plane would
convert r/[ for g*g* into u’/m for g*g, u/m for g*g* into
r'/lfor gtg™, ¥/l for g*g* into u/m for g*g", and p’/m for
g*g® into r/! for g*g~. Of course, the squares of the lengths
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Table IL
Vectors for Chains with Four Bonds®
conform- components
ation vector X Y Z weight
g r/l 1775 1.004 -1.607 o%

p/m  -0.082 0072 -0.135 o

r/l 1436 0685 -0.731 o = o%w

Wim 0256 -1617 -1.011 ¥ = o%w
gt r/l 0256 1617 -1011 o

u/m 1.436 —0.685 —0.731 o’

r/l 0082 0072 0135 % =%

W/m 1775 -1.004 -1.607 %’ = ¥

“0ABA = 0BAB =68 =7 - 0/ABA =7 - H/BABv and the gauche
placements are located 110° from the trans placement.

of these vectors are unaffected by reflection through the
X-Z plane. It is the squares of the lengths of the vectors
that are important for the conversion of a real chain into
its didymous partner.

Implications for Real Chains. In real chains subject
to interdependent symmetric 3-fold rotation potentials, the
second-order statistical weights for the conformations g*g~
and gg*, conventionally denoted by w, are usually less than
one.!® Successive gauche placements of opposite sign are
suppressed by repulsive steric interaction of atoms sepa-
rated by four consecutive bonds. In the didymous chains,
it is the conformations g*g* and g g~ that must be similarly
suppressed. In real chains, the second-order statistical
weights for the conformations g*g* and g'g™ are often very
close to one, although exceptions do occur.!! The didymous
partners of typical real chains will often have little penalty
from second-order interactions for the conformations gtg"
and gg*.

The small values of C’ arise from two distinct effects,
both of which are illustrated by the case of poly(oxy-
methylene).® The first effect arises from the geometry of
successive bonds. Typical bond angles for real chains are
larger than #/2, and consequently the bond angles for
didymous chains are less than =/2. In poly(oxymethylene),
the bond angles are very close to 112°, and they are
therefore 68° in didymous poly(oxymethylene). The sec-
ond effect arises from the energetics of the second-order
interactions that are responsible for the interdependence
of the rotations. In the didymous chain, there is often an
absence of any second-order penalty for the compact local
conformations that arise from adoption of successive
gauche placements of opposite sign in the didymous chain.
(The compact nature of g*g™ in the didymous chain is
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illustrated by the components of ¥’/! in Table II.) In real
poly(oxymethylene), {4 and ¥y are 1, and consequently w,’
and wg’ are 1 in didymous poly(oxymethylene). It is the
less compact local conformations with successive gauche
placements of the same sign that are penalized by the
second-order interactions in the didymous chain. In
poly(oxymethylene), w, and wg have values of about 0 and
0.08, and consequently ¥’ and ¥y’ are 0 and 0.08 in di-
dymous poly(oxymethylene).

Since C’is identical with D, the rationalization of the
small values of C’in the preceeding paragraph also explains
why the values for D are small.

Series expansions!?'® that have been used to study the
distribution function for r in unperturbed real chains with
finite n can, of course, be applied to r’ for the unperturbed
didymous chain. That approach will lead directly to the
distribution function for u for the unperturbed real chain.

The nature of the didymous chain remains obscure for
cases where the number of bond length vectors is different
from the number of bond dipole moment vectors or where
the axis for the rotation denoted by ¢; is not colinear with
I; and m;. In view of the anticipated effect of excluded
volume on both (%) and (r2)’, the relationships described
here are restricted to unperturbed chains.

Acknowledgment. This research was supported by
National Science Foundation Research Grant DMR 86-
96071 and by a grant from the Exxon Education Foun-
dation.

References and Notes

(1) Flory, P. J. Macromolecules 1974, 7, 381.

(2) Eyring, H. Phys. Rev. 1932, 39, 746.

(3) Wall, F. T. J. Chem. Phys. 1943, 11, 67.

(4) Oka, S. Proc. Phys. Math. Soc. Jpn. 1942, 24, 657.

(5) Benoit, H. J. Chim. Phys. 1947, 44, 18.

(6) Benoit, H.; Doty, P. M. J. Phys. Chem. 1953, 57, 958.

(7) Volkenstein, M. Configuration Statistics of Polymeric Chains;
Timasheff, S. N., Timasheff, M. J., translators; Interscience:
New York, 1963; p 184.

(8) Flory, P. J.; Mark, J. E. Makromol. Chem. 1964, 75, 11.

(9) Abe, A.; Mark, J. E. J. Am. Chem. Soc. 1976, 98, 6468.

(10) Mattice, W. L. J. Chem. Phys. 1987, 87, 5512.

(11) Semlyen, J. A.; Flory, P. J. Trans. Faraday Soc. 1966, 62, 2622,
(12) Nagai, K. J. Chem. Phys. 1964, 40, 2818.

(13) Jernigan, R. L.; Flory, P. J. J. Chem. Phys. 1969, 30, 4185.
(14) Fixman, M.; Alben, R. J. Chem. Phys. 1973, 58, 1553.

(15) Fixman, M.; Skolnick, J. JJ. Chem. Phys. 1976, 65, 1700,
(16) Freire, J.; Fixman, M. J. Chem. Phys. 1978, 69, 634.

(17) Freire, J. d.; Rodrigo, M. M. J. Chem. Phys. 1980, 72, 6376.
(18) Rubio, A. M.; Freire, J. J. Macromolecules 1982, 15, 1411.
(19) Rubio, A. M.; Freire, J. J. Macromolecules 1985, 18, 2225.



